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niqueness in singular optimal control

‘asman

ACT

It is shown that there exists a class of linear singular optimal con-
problems with a non-unique singular arc. The problems in this class

a controllability subspace in which the trajectories may vary without
:ting the performance index. Furthermore, it is investigated how these

:ions can be derived from the theory of cheap optimal control.

JORDS & PHRASES: singular optimal control, cheap control, controllability

subspaces

This report will be submitted for publication elsewhere.




1. INTRODUCTION
SULAR OPTIMAL CONTROL

paper we investigate singular optimal con-
oblens of linear time invariant n-dimen—

iynamical systems
Bu, x(0) = Xq (1.1ab)

rformance index

Qxdt, ' (i.ic)

is a symmetric positive semi-definite ma-
th K = Ker Q. We denote the finite dimen-
linear state space by X and assume the

to be controllable:

3>

n-1

B+ AB +...+ A" B, B = Im B.

trol vector u has its values in a linear
sional space U and u(t) is assumed to be
ous for t > 0. Although the Hamiltonian of
s singular in its second derivative with
to u, one is able to construct a feedback
X + U that minimizes J. However, there is
icting condition on x that, in general, is

isfied by the initial value (1.1b). This

em is solved by introduction of an initial
ol which is a linear combination of the Dirac
ction and its formal derivatives up to the
-th order. Then at the initial point, x jumps
ntaneously from the initial value Xy to a

of the manifold where x satisfies the so-

d singular arc condition. We will demonstrate

the problem (1.1) does not necessarily have a
e singular arc for t > 0. The leading idea is
if there exists a subspace in K where we have
ete control, wé are free to change the solu-
within this subspace without influencing the
rmance index. This aspect of the problem is
d out in section 3, while in section 4 we dis-
the relationship with cheap optimal control.
ction 2 we deal with the method of Moylan and
(1) for a certain class of singular optimal
ol problems and show that the uniqueness of
ingular arc of these problems is due to the
that there exists no controllability subspace
In section 1.2 we give a precise definition
ntrollability subspaces and state some of
characteristic properties. For a more com-

treatment of this theory we refer to Wonham



1.2 CONTROLLABILITY SUBSPACES

Before giving a definition of controllability sub-
spaces we introduce the concept of (A,B)-invariant

subspaces.

Definition 1.1 A subspace V c X is called (A,B)-
invariant if for any xg € V there exists a control
u(e): R - U such that x(t) satisfying (1.lab)

remains in V for t > O.

It can be proved that (A,B)-invariant subspaces
may be characterized by the property AV < V + B,
or, equivalently, by the existence of a family of
feedbacks

E(V) = {F: X > U|(A+BF) V < V},

so that the closed loop system starting in V re-
mains in V for t > 0. The class of (A,B)-invariant
subspaces contained in some subspace of Xis closed
under addition and, thus, has a supremal element,
see (3). In the sequel we denote the supremal
(A,B)-invariant subspace contained in K(= Ker Q)
by vr.

Definition 1.2 A subspace Rc X is called a control-
lability subspace if for any Xyo¥) € R there exists
a T >0 and a u(t) such that x(t) given by (1.lab)

satisfies x(T) = x, and x(t) ¢ R for 0 < t < T.

1
It is clear that a controllability subspace is
necessarily (A,B)-invariant. It also can be shown
that R is a controllability subspace if and only
if

R = <A+BF|B n R> for F e F(R).

Furthermore, the class of controllability sub-

spaces contained in some subspace of X has a su-

premal element. The supremal controllability sub-

space contained in K we denote by R*. It can be

proved that

R* = <a+BF|B n V"> for F e F(VY). (1.2)
2. UNIQUE SINGULAR ARCS

2.1 TRANSFORMATION TO REGULAR OPTIMAL CONTROL

In this section we consider singular optimal con-
trol problems of the type (1.1) satisfying
B' Q B > 0. For this class of problems Moylan and

Moore (1) introduced the variables

= x(t)-Bu](t) (2.1a)
t
= u,(0) + [ u(r)dr, (2.1b)
0

at (1.1) transforms into the regular optimal

ol problem

Axl+B1u], (2.2a)

t
1 1 A
{xIQx] + leslul + u]Rlul}dt, (2.2b)

B] = AB, S1 = QB and Rl = B'QB. The optimal

ion satisfies
= K} (£)x, (£), K] (t) = -R;I{B;P(t)+si} (2.3)

P(t) satisfying the Riccati differential

ion

P{A-BlRI]S]'} + {A-BIR]-ls;}'P + (2.4)
=10, _ “lay =

PB,R, 'BIP + {Q-SR S}, P(T) = O.

this equation it follows that P(t)B = 0, see

and so

B=-I. (2.5)

this result we conclude from (2.1a) and
that the transformation to regular optimal

ol is only possible if
x(t) = 0. (2.6)

so-called singular arc condition is in gen-
not satisfies at t = 0 by (1.1b). Since the
rmance index (l.lc) is independent of u,

ol pulses can be given without affecting the
rmance index. In this way X can be trans-

d instantaneously to the manifold (2.6) by

nitial puls

= K;(O)xoé(t), t>0 2.7)

§ denotes the right-sided §-function. Using
), (2.5) and (2.7) we find that indeed
)x(+0) = 0. From (2.1) and (2.3) it is de-

that on the manifold the optimal feedback

fies
= K'(t)x(t), K(t) = A'K](t)+k1(t). (2.8)

ethod of Moylan and Moore leads for the class
oblems (1.1) with B'QB > 0 to a unique sin-
arc satisfying (2.6) and (2.8). We will
whether this result is consistent with our

nent that non-uniqueness only occurs if there




itrivial controllability subspaces
ibove class of problems K n B=20 a

0. Using (1.2) we find that indeed
ATED TRANSFORMATIONS

»d of section 2.1 also applies to t

:lass (1.1) satisfying for some k 2
&kB > 0,

i .

'3 = 0, i=0,1,...,k-1.

application of transformation (2.1

: xi(t) - AiBui(t),

t
= ui+1(0) + é ui(T)dT,

i=0,1,...,k

.uo) = (x,u), yields the regular op
>roblem

k
FBkuk, Bk =AB

formance index

1 1 1
Qxy + 2 Sy u F Ry, Jde,

p— 1
' Ry = BBy~
nal solution satisfies
' 1 == =leon '
((B)x (8), Ky () =-R {BP(E)+S ),
:) denotes the solution of the corr

liccati differential equation. Simi

find the singular arc conditions
) =0, i=1,2,...,k

satisfying the recurrent system
’Ki+ﬁi. By taking an appropriate

f initial pulses of the type
:)+...+uk_]6<k_l)(t) the system wil
initial value Xy to the manifold (
. For these problems we also have R

proved as follows. Since AV* c U*+

k

+ A1 4 4B
sequently, by (2.9b)
c U+ A¥ g 4 v BeK.

) this implies V*n B=0 and so R*
).

3. NON-UNIQUENESS OF SINGULAR ARCS
JESSARY AND SUFFICIENT CONDITIONS

iiscussed in section 1.1 we expect a singular
l control problem to have a family of solu-
if R* # 0. In the preceding section we proved
ader conditions (2.9) R* = 0. We now consider
se B'QB > 0. Without loss of generality we

sume the system to be of the form

+ Baua + Bbub (3.1a)

=0 and B,;QBb > 0. (3.1bc)
also assume that

Bk > 0. (3.14d)

er to have a nontrivial controllability sub-

in K the following conditions are necessary
DV +B, UMB_ 40 (3.2ab)

rst condition is understood from the fact
uch a subspace needs to be (A,B)-invariant
at V" Ba c R ¢ V*. From (1.2) we deduce
* = 0 if the second condition is not satis-
It is easily verified that the following

ions are sufficient

*
a) c Bb’ v nBa # 0. (3.3ab)

cribed in (1) we distinguish a hierarchy cf
if (3.1b) is semi-definite. We then have to
up B, as carried out for B and proceed in
ay until there remains a positive definite
. The cases (2.9) with (2.9a) semi-definite
> 1 can be handled in a same manner.

*

NGULAR SOLUTIONS: THE CASE Ba cV

s section we construct a family of singular
ons for the problem (3.1) satisfying Ba(:V*.

roduce the system

*
x +Bu, xa(O) =X0¢€ R (3.4)
note by Ea(R*) the family of feedbacks for

. .o
xa(t) remains in R for t > 0. The corres-

g family of solutions is parameterized by

. * *
aO’Fa) with X.0€ R, Fae Ea(R ). (3.5)

)

e consider xb(t) = x(t)—xa(t;an,Fa




ng
>+Bbub’ Xb(O) = x5~ % (3.6a)
‘formance index

IQxbdt. (3.6b)

IQB > 0 we can solve this problem with the

f section 2.1 under the singular arc con-

(e)x ()} =0, (3.7)

i, not automatically satisfied at t = 0. As

we therefore give an initial puls

Ky (0) (g%, 9) 8 (). (3.8)
1anifold we have the feedback
Ké(t){x(t)—xa(t)},

A'Ky (6) +Ky (6).

7)-(3.9) it is understood that the sin-

(3.9)

:c depends on the choice of X, and Fa of

0

JULAR SOLUTIONS: THE CASE Ba ¢ v

struction of the family of singular solu-
:comes slightly more complicated if Ba¢ v*
rstem (3.1) satisfying (3.3). Partitioning

fix Ba in an appropriate way we may write

Bapuap + Baquaq + Bbub - (3.10)

= ' = '
0, By QB = 0, BQB >0

, B _aVU* =0, AB <B, AB_nK = 0.
aq ap aq

system

xap(O) = xapO (3.11)

ider the family of solutions xap(t;x

¢ +B u ,
ap ap ap

,F
ap0’ ap
by (3.4)-(3.5). Next we introduce new

:s

xap(t;xapo’Fap) _Baquaql(t)’ (3.12a)
t

= Uy +(I) u,q (D41, (3.12b)

(3.10) transforms into

. Bcuc’ (3.13a)

(ABaq’Bb)’ c - aq
erformance index (l.lc) expressed in the new

bles reads
T 1
chxcdt, (3.13b)

ingular optimal control problem (3.13) is of

ype we solved in section 2.1. The singular

ondition and feedback are, respectively,

)x () =0, u (t) =K' (t)x_(t),

. ¢ ¢ ¢ ¢ (3.14abc)

K' +K' A,
cl cl

2.6) and (2.8). Posing Kc, = (Kan’Kbl) and
(Kaql’Kb) we may write (3.14a) as Kéqzxc =0
é]xc = 0. Since K;qZBaq = 0, see (1, p.597)
;qub = 0, see (2.5), we have derive from

ac) that

t){x(t)—Xap(t' )} =0, i=1,2. (3.15a)

’xapO’Fap
e other hand the equations (3.12a) and
ab) yield

' -1 - . =
)(I+BaqKaq](t)} {x(t) xap(t,xapo,Fap)} =0. (3.15H

oosing an appropriate initial control of the

Al
t) ano anl §'(t)
e in the position to satisfy the singular arc
tions (3.15) for t = +0. Moreover, we are free

oose x eR* and F_ ¢ F (R*), so that a
ap —ap

ap0
y of singular arcs is found.

bove results suggest to analyse the singular
al control problem in the factor space X/R*.
eral theory, in which this idea is worked out,

der investigation.
4. CHEAP CONTROL
ETHOD OF SINGULAR PERTURBATIONS

ingular optimal control problems the Hamil-

n is singular in its second derivative with

ct to u. Instead of using the method of sec-
1.2 one can avoid this problem by introduction

small cost of control in the performance in-




+Bu_, xE(O) =x (4.1a)

0?

LQxE‘Fszu;Rue}dt, 0 <eg << 1 (4.1b)

.s a symmetric positive definite matrix.

; of problems (4.1) satisfying (2.9) has
:stigated by 0'Malley and Jameson (2).
solution X and the control u they con-
power series in e for three time inter-

> initial boundary layer of thickness

\)), a terminal boundary layer of the same
the remaining interval. For € + O the
layer intervals shrink and x_ as well as

:xhibit rapid change in these intervals.
[IONSHIP WITH SINGULAR OPTIMAL CONTROL

section we will discuss the relationship
the cheap optimal control problem and the
optimal control problem with a non-unique
arc. The main issue is to find a criteri-
1e selection of precisely that singular
that is found as the limit of the solu-
the cheap control problem as the cost of
tends to zero.

) e and u, satisfying (4.1) with (2.9)

¢ and u of the corresponding singular
:ontrol problem. It is remarked that in
Lal boundary layer u, tends to the initial
:he singular optimal control and that away
initial point e tends to the singular

+ 0. For the system (3.1) satisfying

1 family of singular solutions was found.
: the corresponding cheap control problem
rge to one of these solutions. Before hand
t clear what value for (xao,Fa) or

)) should be taken in order to select

2ct singular solution. Moreover, it needs
vestigated whether every singular arc is

t of a solution of a cheap control prob-
+ 0. These difficulties are illustrated
>llowing simple example with n = 2. We

the system (3.1) with T = « and

1 1 0 0 0
) , B = < > and Q < > . (4.2)
) 0 1 0 1

problem with R* being the x]-axis the

of singular solutions satisfies

) o-Xx g 0\ /x, (t)
>=< 01>5(t)+( )(1 ) (4.3)
) “X4 -1 0 xz(t)
2 corresponding cheap control (4.1) the al-

> Ricatti equation reads

1.-1

'+A'P€—s—2PEB R BP_ = 0. (4.4)

1g R = I we obtain a set of four solutions

.4). Only one of them is positive definite:

2 2

B €

) -

£ eVl+e

1= —E'ZR"]E'PEXE, the closed loop system

-X
el
-5_]v1+52 er'

uently, for € » O the solution converges to

ngular solution (4.3) with (a,B) = (XOI’_I)'
rly, we compute that for
2 0

. a>0 (4.5)

1

lution converges to (4.3) with parameters

= (x,,5-1/2). It is remarked that for prob-

»
ith gl = 0 the solution of the cheap control
n converges to the singular solution indepen-
of the choice of the coefficients of the

ve definite matrix R. Furthermore, we observe
ot all singular solutions (4.3) are approxi-
by solutions of (4.1) satisfying (4.2) and
This aspect of the problem needs to be ana-

in more detail.
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